Introduction {#Sec1}
============

4-Derivative gravity provides a renormalizable gravity theory \[[@CR1]\], controlled by dimensionless coupling constants, called $\documentclass[12pt]{minimal}
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                \begin{document}$$g_2$$\end{document}$ classically has negative kinetic energy. The same problem was encountered with classical fermions. 4-derivative theories too admit a positive-energy quantization, but at the price of an indefinite quantum norm that obscures the probabilistic interpretation \[[@CR3]--[@CR7]\]. In view of this situation, we here explore how the ghost behaves making two pragmatic simplifications.First, we restrict the attention to observables measurable from asymptotic distance: life-times and cross sections. A ghost is then indirectly defined through its effects as an intermediate virtual particle in Feynman diagrams that describe scatterings among matter particles (scalars, fermions and vectors). Fig. 1Sample of gravi-ghost-mediated $\documentclass[12pt]{minimal}
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This is how collider experiments reconstruct any short-lived particle from kinematical distributions of final-state particles. When the intermediate particle is a ghost, this is known as 'Lee--Wick approach' \[[@CR8]--[@CR11]\], and ambiguities appear at higher orders, in diagrams that probe configurations with two ghosts.2.Second, we focus on tree-level processes, not affected by higher order ambiguities, and that can probe the generic gravi-ghost kinematics. Figure [1](#Fig1){ref-type="fig"} shows an example of this.Under these assumptions, we will extract a good deal of ghost physics, common to various attempts of fully defining the theory. The theory is well defined in the Euclidean space: according to \[[@CR12]\] a generalization of the Wick rotation defines Minkowskian physics solving the above-mentioned ambiguities perturbatively to all orders. When evaluating tree-level diagrams their approach reduces to ours: integrated cross sections are not affected by the extra structure assumed in \[[@CR12]\] on the top of the ghost resonance; all momenta that enter our expressions are Minkowskian physical observables described by real numbers. The other approaches that extract probabilities from negative norms \[[@CR4], [@CR6], [@CR7]\] similarly reduce to our results when evaluated at leading order in the couplings.

Cross sections in QED and QCD are affected by soft and collinear infra-red (IR) divergences. These effects are well understood thanks to soft theorems \[[@CR13]--[@CR15]\], which also apply to Einstein gravity \[[@CR16]--[@CR18]\]. We find a new kind of IR enhancement related to the 4-derivative structure and to the consequent gravi-ghost propagator of Eq. ([1](#Equ1){ref-type=""}). Cross sections mediated by a gravi-ghost contain a factor $\documentclass[12pt]{minimal}
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                \begin{document}$$e^+e^-\rightarrow \gamma \nu \bar{\nu }$$\end{document}$ (Fig. [1](#Fig1){ref-type="fig"}) do not have the form expected in theories with dimensionless coupling, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \sim 1/s$$\end{document}$ times powers of the couplings. Indeed, in the massless limit, the Newton potential $\documentclass[12pt]{minimal}
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                \begin{document}$$V \propto 1/r$$\end{document}$ gets replaced by a confining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V \propto r$$\end{document}$: free particles disappear in this limit.

In the realistic massive theory, the IR divergence is cut by the gravi-ghost mass $\documentclass[12pt]{minimal}
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                \begin{document}$$M_2$$\end{document}$. Then each massive gravi-ghost contributes to the cross section with a multiplicative enhancement $\documentclass[12pt]{minimal}
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                \begin{document}$$ f_2^2 s/M_2^2 \sim s/M_{\mathrm{Pl}}^2$$\end{document}$. Gravi-ghost radiation becomes an order one correction in super-Planckian collisions. While purely gravitational cross sections can remain smaller than in Einstein theory, cross sections mediated by large matter couplings (such as Fig. [1](#Fig1){ref-type="fig"}) look as bad as those in UV-divergent Einstein theory, which violate naive perturbative unitarity. This reassures that ghosts do not do miracles, like cancelling positive cross sections with negative cross sections.

In agravity cross sections grow because of the new IR enhancement of gravi-ghost emission. Unlike in Einstein gravity, Planckian gravitons negligibly interact and simply carry away their energy. As a result energies above the Planck scale get radiated down to sub-Planckian, energies without forming, at the same time, non-perturbative structures such as black holes.

An additional issue is that the IR enhancement is saturated at the ghost pole. To understand what it is, one needs to go beyond perturbation theory. As well known, perturbative corrections diverge when an intermediate particle goes on-shell. A non-perturbative resummation transforms a matter pole into a Breit--Wigner peak, $\documentclass[12pt]{minimal}
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A matter particle acquires a decay width $\documentclass[12pt]{minimal}
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                \begin{document}$$1/(k^2-m^2 + i \epsilon )$$\end{document}$, which defines the theory as the continuation from the Euclidean known as 'Wick rotation'. On the other hand, a massive ghost that decays into matter particles acquires a negative decay width $\documentclass[12pt]{minimal}
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The paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"} we derive rates of generic gravi-ghost-mediated processes. In Sect. [3](#Sec9){ref-type="sec"} we compute specific examples. In Sect. [4](#Sec16){ref-type="sec"} we interpret IR-enhanced rates. Conclusions are given in Sect. [5](#Sec24){ref-type="sec"}.

Rates for gravi-ghost-mediated processes {#Sec2}
========================================

Summary of the theory and of notations {#Sec3}
--------------------------------------

Following \[[@CR1]\] we consider the renormalizable action (in the notation of \[[@CR2]\])$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {L}_{\mathrm{matter}}$$\end{document}$ is the part of the Lagrangian that depends on the matter fields (scalars *S*, fermions $\documentclass[12pt]{minimal}
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The Einstein--Hilbert term, in the middle, could be induced dynamically from a dimensionless action, e.g. as $\documentclass[12pt]{minimal}
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                \begin{document}$$\Pi ^{(j)}_{\mu \nu \alpha \beta }$$\end{document}$ are orthogonal projectors over the spin components \[[@CR1], [@CR2]\], which sum up to unity: $\documentclass[12pt]{minimal}
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Processes mediated by one gravi-ghost {#Sec4}
-------------------------------------

In order to study the gravi-ghost behaviour we consider a generic scattering between matter particles that contains one intermediate virtual gravi-ghost *g* with quadri-momentum $\documentclass[12pt]{minimal}
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In general, the different spin components of intermediate particles give different angular distributions of final-state particles, but have the same decay width, because of Lorentz invariance. Thereby the squared amplitude simplifies after integrating over $\documentclass[12pt]{minimal}
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Cross section for producing *N* gravi-ghosts {#Sec5}
--------------------------------------------

The cross section for producing two on-shell gravi-ghosts $\documentclass[12pt]{minimal}
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Processes mediated by one on-shell gravi-ghost {#Sec6}
----------------------------------------------

As usual, the cross section is dominated by the phase-space region where the gravi-ghost is on-shell, if this is kinematically allowed. In the narrow-width approximation, around the poles at $\documentclass[12pt]{minimal}
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The cross section for producing the massless graviton *g* is$$\documentclass[12pt]{minimal}
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Explicit evaluation then gives, in a theory with $\documentclass[12pt]{minimal}
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The gravi-ghost width from the imaginary part of its propagator {#Sec8}
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Specific processes {#Sec9}
==================

We now make the previous section more concrete computing specific processes.

Decays {#Sec10}
------
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---------------------------------------------------------------------------------
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Ghostrahlung {#Sec16}
============

IR and collinear enhancements and divergences are a well studied topic in QED, QCD and gravity. Based on previous experience, we explore the implications of the new IR enhancements present in 4-derivative theories. In Sect. [4.1](#Sec17){ref-type="sec"} we discuss the consequences of soft theorems. In Sect. [4.2](#Sec21){ref-type="sec"} we try to go beyond the soft limit. In Sect. [4.3](#Sec22){ref-type="sec"} we consider the approach by Kulish and Faddeev. Based on previous discussions, in Sect. [4.4](#Sec23){ref-type="sec"} we draw our conclusions.

To make the discussion more concrete we compute a toy process $\documentclass[12pt]{minimal}
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                \begin{document}$$m_S^2/M_2^2$$\end{document}$, which is the new IR enhancement. The usual IR enhancement produced by the fermion propagator gives the 1 / *x* factor.

Soft theorems {#Sec17}
-------------

At the diagrammatic level, soft theorems capture IR enhancements in terms of the behaviour of couplings and propagators. In the usual 2-derivative case, emission of spin 1 photons and gluons is enhanced by soft and collinear logarithmic divergences, while emission of spin-2 gravitons is only enhanced by soft logarithmic divergences, because graviton couplings are suppressed as $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta \ll 1$$\end{document}$, cancelled collinear divergences in the propagator \[[@CR16]--[@CR18]\]. The main result of such techniques is that IR divergences cancel between 'real' and 'virtual' corrections when computing appropriate 'IR-safe' observables, which discount too soft particles as unobservable. Indeed, enhanced soft/collinear radiation arises from virtual particles which are almost on shell and propagate for long time, invalidating the difference between real and virtual particles.

### IR enhancements in 4-derivative gravity {#Sec18}

IR enhancements are stronger in 4-derivative theories because propagators of massless or light fields with small momentum $\documentclass[12pt]{minimal}
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Adding the Einstein term, the ghost acquires a mass $\documentclass[12pt]{minimal}
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                \begin{document}$$k^2 \simeq M_2^2$$\end{document}$. This is the region where it is more difficult to understand what a ghost is, given that understanding any massive particle needs a non-perturbative resummation of higher-order corrections to their propagator, that acquires Breit--Wigner form.

### Soft region {#Sec19}

It is partially useful to explore the implications of soft theorems, which control a part of the new IR enhancement. The amplitude $\documentclass[12pt]{minimal}
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### Cancellation of real with virtual corrections in the soft limit {#Sec20}

We now show that, in the soft limit, the real IR enhancement gets cancelled by virtual corrections. The total amplitude for emission of one soft graviton is given by Eq. ([49](#Equ50){ref-type=""}). Its IR divergence gets cancelled by the virtual correction $\documentclass[12pt]{minimal}
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The above leading-order cancellation, diagrammatically illustrated in Fig. [3](#Fig3){ref-type="fig"}, persists at higher orders, where diagrams with a series of matter bubbles on the gravi-ghost propagator give the dominant IR effect. However, resumming corrections to the gravi-ghost propagator transforms it into a Breit--Wigner with a negative width $\documentclass[12pt]{minimal}
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Beyond the soft limit {#Sec21}
---------------------

The *J* factors in Eq. ([54](#Equ55){ref-type=""}) give the usual IR enhancements, and the 4-derivative propagator gives the new IR enhancement. Focusing on it, one can ignore the *J* factors and the external momenta. Then, virtual corrections have the typical form of dimensionless theories, exemplified by dimensionless loop integrals such as $\documentclass[12pt]{minimal}
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Non-soft IR enhancements arise from the extra region where $\documentclass[12pt]{minimal}
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IR enhancements beyond the soft limit would get under better control if one could use Euclidean techniques. However ghosts complicate the connection between the Minkowskian and Euclidean theory. One may need an integration contour deformed to lie above the ghost pole, or something along the lines of \[[@CR10], [@CR11]\] or \[[@CR12]\].

Asymptotic scattering states {#Sec22}
----------------------------

The physics of IR divergences has been clarified by Kulish and Faddeev \[[@CR23]\], with recent developments \[[@CR24]--[@CR27]\]. IR divergences appear when the LSZ formula for cross sections (which assumes that particles are free at asymptotically large distances) is used despite being unapplicable due to the presence of long-range interactions.

2-Derivative theories give Coloumbian-like interactions, which do not induce IR divergences provided that cross sections are computed among scattering states that account for such long-range interactions. The correct scattering states are well known in non-relativistic quantum mechanics. The appropriate relativistic states have been computed in QED \[[@CR23]\], and look like a charged particle surrounded by a cloud of soft photons. This approach allows to define a *S*-matrix, not just some IR-safe observables.
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Discussion {#Sec23}
----------

Based on the previous discussion, we draw the physical conclusions.
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However, cross sections get infra-red enhanced by powers of $\documentclass[12pt]{minimal}
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                \begin{document}$$2\rightarrow 2$$\end{document}$ scattering mediated by order-one matter couplings, like those present in the Standard Model. In such scatterings, the leading-order cross sections for emitting a graviton or a ghost are as large as in Einstein gravity, and violate naive unitarity bounds at $\documentclass[12pt]{minimal}
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The total number of radiated gravitons is well approximated by soft limits. Resummation of soft radiation shows that it leaves total cross sections roughly unchanged in view of cancellations between real and virtual effects \[[@CR16]\].

The total radiated energy is instead dominated by hard gravitons, with $\documentclass[12pt]{minimal}
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In Einstein gravity, large cross section arise because of UV divergences: the theory is non-renormalizable and Planckian gravitons are strongly coupled. Thereby, after being emitted, they re-scatter giving rise to complicated higher-order phenomena, in particular formation of black holes which has been conjectured to lead to classicalization (see \[[@CR29], [@CR30]\] for recent studies).

Agravity is renormalizable and the same tree-level cross section arise because of IR enhancements. The key physical difference with Einstein theory is that (super)Planckian gravitons are weakly coupled: after being radiated they simply carry away their energy. This is why, to focus on the largest most problematic cross section, we gravitationally dressed scatterings mediated by order-one matter couplings, rather than by gravity. The fraction of the total energy that is radiated to gravi-ghosts is $\documentclass[12pt]{minimal}
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                \begin{document}$$B \sim f_2^2 {s} /(4\pi M_2)^2 \sim s/(4\pi M_\mathrm{Pl})^2$$\end{document}$ is the soft emission factor of \[[@CR16]\]. This implies that, because most of the energy is lost to gravi-ghost radiation, super-Planckian scatterings get effectively down-graded to Planckian, which have cross sections within unitarity bounds. The new IR enhancement is non-soft: the non-cancellation of real and virtual corrections allows for large corrections to the cross sections.

The super-Planckian energy is radiated away by hard gravi-ghosts which are almost free. Agravity provides a perturbative classicalization mechanism, while non-perturbative black holes play a negligible role around the Planck scale. Indeed the energy content of gravitational fields is smaller in agravity than in Einstein gravity. This can be estimated as the Newton potential evaluated at $\documentclass[12pt]{minimal}
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Conclusions {#Sec24}
===========

4-Derivative gravity is renormalizable thanks to extra graviton components, especially a spin-2 ghost with mass $\documentclass[12pt]{minimal}
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                \begin{document}$$M_2$$\end{document}$, to be quantised with positive energy. We computed the ghost behaviour *à la* Lee--Wick: by viewing ghosts as virtual particles that mediate scattering among ordinary matter particles.

We restricted our attention to tree-level processes, which teach a significant amount of physics, and which are not affected by details of quantisations proposed to make sense of ghosts at higher orders.

Some cross section have the expected good behaviour typical of renormalizable interactions, being softer than analogous cross sections in Einstein theory. Cross sections for on-shell ghost production can be enhanced colliding beams with energy spread as small as the ghost decay width $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma _2 \sim -M_2^3/M_\mathrm{Pl}^2$$\end{document}$. The negative sign signals micro-acausality, which can be probed by an observer at large distance through a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\rightarrow 2$$\end{document}$ process among matter particles mediated in the *s* channel by the ghost, measuring that the secondary vertex is displaced in the unusual direction, as if the ghost decayed before being produced.

However, other cross sections where gravi-ghosts have small virtuality do not have the expected behaviour typical of renormalizable interactions. Interpreted in terms of real gravi-ghosts, we find that tree-level cross sections for emitting *n* gravitons grow as $\documentclass[12pt]{minimal}
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                \begin{document}$$(s/M_\mathrm{Pl}^2)^{n}/s$$\end{document}$. These cross sections are as bad as in Einstein gravity, as they are not affected by the extra physics present in agravity. Furthermore, tree-level cross sections for emitting one gravitational ghost behave in the same way.

In Einstein gravity, such non-unitary super-Planckian cross sections are a manifestation of the UV-divergent behaviour typical of non-renormalizable theories.

In agravity, such large cross sections arise because of a new kind of IR enhancement, typical of 4-derivative theories, and due to the small-momentum behaviour of a propagator with 4 powers of momentum. This enhancement is a remnant of IR divergences present in the mass-less limit of agravity, where emission of each gravi-ghost with virtuality $\documentclass[12pt]{minimal}
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                \begin{document}$$k_\mu $$\end{document}$ are large, such that the new IR effect extends beyond the soft region.

In Einstein gravity, super-Planckian scattering is accompanied by large energy losses dominated by hard gravitons with Planckian energy. Gravitational fields contain most of the energy and Planckian gravitons are strongly coupled: they re-scatter forming macroscopic black holes, which possibly lead to classicalization.

In agravity, graviton radiation is accompanied by ghost radiation. More importantly, the energy in gravitational fields is negligible and the Planckian gravi-ghosts are weakly coupled: they merely carry away energy, downgrading scatterings to sub-Planckian and thereby screening super-Planckian physics. We argued that a resummation of initial-state gravi-ghost radiation can significantly affect the cross-sections (analogously to how QED radiation induces the radiative return of the *Z*-peak), bringing them down within unitarity bounds. This conclusion is consistent with the Kulish-Faddeev understanding of IR divergences as an effect of long-range dynamics, taking into account that 4-derivative gravity gives, in the mass-less limit, a confining gravitational interaction.

Note the absence of a symmetry factor for identical intermediate gravitons $\documentclass[12pt]{minimal}
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Which are also present since we assumed massless scalars, and affect the terms subleading in $\documentclass[12pt]{minimal}
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Even the sub-leading term is captured from the soft formula, if one keeps the $\documentclass[12pt]{minimal}
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'Real' and 'virtual' effects can be unified viewing squared amplitudes as imaginary parts of higher loop diagrams. Each higher diagram is separately IR convergent, so that the cancellations mentioned above (at the level of the total amplitude) take part separately between the cuttings of each higher diagram.
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